The metrics of gravitational shock waves for a Schwarzschild black hole in ordinary coordinates and for a Kerr black hole in BoyerLindquist coordinates are derived. The Kerr metric is discussed for two cases: the case of a Kerr black hole moving parallel to the rotational axis, and moving perpendicular to the rotational axis. Then, two properties from the derived metrics are investigated: the shift of a null coordinate and the refraction angle crossing the gravitational shock wave. Astrophysical applications for these metrics are discussed in short. †
I Introduction
The metrics of black holes which are derived from the vacuum solution of Einstein's equation have been investigated for many years [1] . But the spacetime structure of moving black holes have not been studied so much. Recently, several papers are published for this problem. In particular, the problem of gravitational waves which are emitted when two black holes encounter, and of the scattering of elementary particles with Planck scale energies are discussed [2, 3] . In this paper, we investigate the metric when a black hole (Schwarzschild or Kerr ) is moving at the limit of light velocity.
Let us consider the case of a Schwarzschild black hole. When a black hole is moving relative to an observer far from the black hole, the metric derived for the rest system of the black hole should be Lorentz transformed to that of observer's system. Generally, the metric of a black hole is not invariant for Lorentz transformations, so the transformed metric has a different structure from that for the black hole system. If a black hole is moving at the limit of light velocity in the z-direction (Lorentz γ factor → ∞), the metric is changed to the following form: where we put ρ 2 = x 2 + y 2 , u = t − z, and v = t + z. It is clear from this form that this metric describes a space-time which has two flat halfspaces, u > 0 and u < 0, and the axially symmetric plane gravitational wave concentrated on the interface u = 0. Moreover, the infinite Lorentz boost has changed the algebraic type of the Weyl tensor from the type D to the type N for the limiting metric (1.1). The corresponding curvature tensor vanishes everywhere except at the surface u = 0, where its nonzero components have singularities of δ(u). Such a metric is often called as "the gravitational shock wave" [2, 4, 5] .
Aichelburg and Sexl [6] have obtained the shock wave metric by performing an infinite Lorentz transformation of the metric of a Schwarzschild black hole for isotropic coordinates. Their result is A (ρ) = 4p log ρ 2 .
(1.2)
Here, p = γM and only the leading term in γ is retained. Also in this paper, we take into account only the leading order of γ in A(ρ).
In Sec.II, we calculate the metric of a Schwarzschild black hole in ordinary coordinates when the infinite Lorentz transformation is performed. Then, the limit of γ → ∞ is carried out by the method of Loustó and Sánchez [7] : first, carry out a Lorentz boost with a finite γ. Next, integrate the result by u. Then, take the limit γ → ∞, and finally, differentiate it by u. With these procedures, the metric of the gravitational shock wave of the form of (1.1) is obtained. In this method, it is not necessary to take the limit of M → 0 like Aichelburg-Sexl, so that we can examine the space-time structure near the region ρ ∼ 2M, the Schwarzschild horizon.
In Sec.III, we seek for a metric of a Kerr black hole in Boyer-Lindquist coordinates after taking the infinite Lorentz transformation in the same way. We find that the metric for the case of a black hole moving parallel to the rotational axis (z-axis) is different from that for perpendicular motion. In Sec.IIIa, the parallel case is investigated in detail. After obtaining the metric in general, we ask for the metric for the special case of the maximally rotating black hole M → a, where a is the angular momentum per unit mass. In this case, the event horizon is at ρ = a, equal to the case of a static black hole. On the other hand, the metric far from the horizon almost coincides with the metric of Schwarzschild type given by Sec.II. In Sec.IIIb, the metric for moving in the perpendicular direction (we take the x-direction) is calculated. To see the maximal effect about a Kerr black hole, we restrict our discussion only on the equatorial plane (i.e. z = 0). The point we wish to emphasize is that the metric depends on the sign of y (i.e. perpendicular to the moving direction and the rotating direction). This dependence comes from g tφ component of the Kerr metric. The metric for M → a is also given as before.
Next, two properties of the obtained metrics are investigated. There are general properties for the gravitational shock wave for the metric of (1.1) [4] , that is, the discontinuity and the refraction of a geodesic. For a geodesic which crosses the shock wave located at u = 0, the discontinuity ∆v at u = 0 is given by (See Appendix A)
where ρ 0 is the value of ρ when the geodesic reaches u = 0. And as illustrated in Fig.1 , the refraction angle, ∆φ, is given by
These ∆v and ∆φ are calculated for the metrics obtained in Sec.II and Sec.III.
In particular, when a Kerr black hole moves in the x-direction, the refraction angle depends on the sign of y. This is to be attributed to the dragging effect of the Kerr black hole. The gravitational shock wave metric is not only the academic interest of theoretical physics, but also is applicable to the actual astrophysics. In fact, this metric was employed by D'Eath [2] to solve the problem of the scattering of two ultra-relativistic black holes which are approaching in parallel. He assumed that the radiation from a head-on collision of two black holes of equal masses is fairly isotropic and concluded that the efficiently of the transformation of the gravitational energy into radiation is close to 25 %. On the other hand, the upper limit of the efficiency would be found on the basis of Hawking's theorem and is equal to ∼ 25 % [8] . It is very interesting that these two values coincide.
The gravitational shock waves have also attracted interests in recent years since they shed a light in modeling quantum scattering processes at very high energies, where gravitational effects dominate [3] .
In Sec.IV, we consider as an astrophysical application, the effect which is analogous to that of the gravitational lens. When there is a static supermassive black hole between an observer and a source which is receding by a high red shift, the refraction of light rays radiated from the source is calculated. In that case, the metric of the gravitational shock wave is dealt with as the first order approximation of the astrophysical body which is running at very large velocity. If the body moves with γ ∼10, the first order approximation is adequate. However, the most distant quasar observed at present has γ ∼ 3, so the result is only approximate in nature.
Sec.V is devoted to conclusions and discussions. We use the natural unit of c = G =1, throughout.
II Gravitational Shock Waves for Schwarzschild Black Holes
We consider a Schwarzschild metric in ordinary coordinates [1] :
where
We setr 2 =x 2 +ȳ 2 +z 2 and M is the mass of the black hole. ds 2 M is the metric of the Minkowski space-time, and ∆S 2 S represents the surplus term. Now, perform a Lorentz transformation to the system where the black hole is moving in the z-direction with the velocity v close to 1:
As ds 2 M of (2.1) is invariant for Lorentz transformations, only ∆S 2 S is transformed according to (2.2). Putting u = t − z, and v = t + z, old coordinates, x i s, are changed as follows:
As mentioned in Sec.I g uu is calculated to order ∼ O(γ). ∆S 2 S is then given by
where we set the energy p = γM andM = M/γ. Taking the limit of v → 1 (namely γ → ∞), ∆S 2 S behaves like the metric of the gravitational shock wave. To see it, consider the first term of r.h.s. of (2.4). The integration of this term by u is given by:
Now the limit of γ → ∞ is taken:
Differentiating by u, we obtain (with redundant terms removed):
Similarly, the second term is calculated:
where use has been made of the formula
(2.10)
Introducing a new coordinate
the gravitational shock wave metric for a Schwarzschild black hole has the final form (dash on v ′ is omitted),
(2.12) This is the exact result. We now consider the nature of this metric in various limits. When ρ ≫ 2M, (2.12) is reduced to:
Further, we take the limit M → 0 and execute a scale transformationx i = e x i (e: exponential). Then (2.13) is equal to the Aichelburg-Sexl metric (A-S metric hereafter). As mentioned in Sec.I, the coefficient of g uu represents the shift ∆v of v crossing u = 0. In Fig.2 the bold line shows the value of ∆v near ρ ∼ M. It is to be noted that ∆v =0 at the event horizon ρ = 2M.
From (1.1), (1.4) and (2.12), we can calculate the refraction angle, ∆φ, of a null geodesic crossing the shock wave. The result is depicted in Fig.3 by the bold line. It is to be noted that the refraction angle becomes 90
• for ρ = 2M. This is natural because the event horizon of a Schwarzschild black hole is at ρ = 2M, and the event horizon is invariant under the Lorentz transformation for the z-direction. The metric of (2.12) represents the spacetime structure for all region of ρ compared with A-S metric, which describes only for ρ ≫ M.
III Gravitational Shock Wave for Kerr Black Holes
From above discussions, it is apparent that the gravitational shock wave solution can be calculated for any sort of static black hole metrics. In this section we apply this method for a Kerr black hole. We consider a kerr black hole in Boyer-Lindquist coordinates [1] : 
Here, we discuss two cases: First, for the motion parallel to the rotational axis of the Kerr black hole, and second, perpendicular. The rotational axis is taken in the z-direction.
III a Motion Parallel to the Rotational Axis
First, we investigate a Kerr black hole which moves parallel to the rotational axis. As in Sec.II, Lorentz boost of (2.2) is performed for the metric (3.2).
In leading orders of γ, the old variables are transformed to
and sinθ =ρ √ u 2 +ρ 2 ,
Below, we retain only the terms of g uu ∼ O(γ). Because lim ∆S 
where we putã = a/γ. This is integrated using (B1) of Appendix B, then the limit γ −→ ∞ is taken, and finally, it is differentiated. The result is
On the other hand, ∆S 2 rr is converted into the following two divided terms by the Lorentz transformation:
where we putM = M/γ. Applying (B2), we find the final form of ∆S 2 rr1 by the same procedures:
Similarly, ∆S 2 rr2 becomes:
By the Lorentz transformation, the ∆S 2 θθ becomes
and using (B4), after taking the limit γ → ∞ is:
Putting (3.4) ∼ (3.10) altogether, and carrying out the coordinate transformation, the exact gravitational shock wave solution for a Kerr black hole moving parallel to the rotational axis is given by
Assume there are no naked singularities. Then a black hole with a = M is the maximally rotating black hole. We now investigate the properties of (3.11) in the limit of M → a. In this limit, (3.11) has the form:
The shift ∆v for ρ ∼ a is shown in Fig.2 by the thin solid line. Notice that the shift is divergent at ρ = a, the event horizon of a Kerr black hole for M → a. On the other hand, when ρ ≫ a
(3.13)
Compared with (2.13) of Schwarzschild type, (3.13) is slightly different in the order of O (a 2 /ρ 2 ). Thus, far from the hole, the metric of the Kerr type hole moving in the z-direction is not distinguished from that of the Schwarzschild type one. The refraction angle derived from (3.13) is presented in Fig.3 by the thin solid line. As mentioned in Sec.II, the refraction angle is 90
• at ρ = M, the event horizon of the Kerr black hole.
III b The Motion Perpendicular to the Rotational Axis
In this section we study the metric in a reference system moving perpendicular to the rotational axis of a Kerr black hole. The moving direction is taken as the x-direction, and the rotational axis is set as the z-direction. We discuss only in the equatorial plane (θ = π/2,θ = 0).
The boost in the x-direction at the speed v gives:
and z is always set to zero. We put u = t − x and v = t + x as the null coordinates. Then, old coordinates are transformed as follows:
and the infinitesimal lengths, dr and dφ, are transformed as ( in the leading order of γ) :
Making use of (3.15) and (3.16), (3.2) is changed under the Lorentz transformation as:
(3.17)
Now we take the limit γ → ∞. Using the integration formulae of (3.2), (B2), (B5), (B6) and (B7), the metric calculated by the same method of Sec.II and Sec.IIIa becomes:
Here, the important point to be noted is that δg 3 depends on the sign of y explicitly. In other words, when the magnitudes of y's are equal with opposite signs, the shift ∆v's and the refraction angles are different. As the term is derived from g tφ dtdφ of the Kerr metric, the effect of the space-time dragging would be the cause. (3.18) is the general result. Now we discuss the properties of it for special cases. Take the limit M → a; i.e. the fast rotating black hole:
Consider the case of |y| >> a, far from the hole:
(3.20)
On the other hand, in the case of |y| ∼ a, the shift ∆v is shown in Fig.2 . The refraction angle is depicted in Fig.3 . In Fig.4 , the ratio of the refraction angle of the negative sign of y to that of the positive sign is represented. This figure indicates that the refraction for y < 0 is larger than that for y > 0.
IV Astrophysical Applications
In this section, we discuss shortly possible applications of our results to some astrophysical phenomena. The metrics obtained above are the first-order approximate equations of Lorentz factor γ. Therefore, the metrics are exact in the limit γ → ∞. If the γ factor of an object is ∼ 10, the metric of the gravitational shock wave is applied to the object with sufficient reliability. Quasars which are observed in recent years have, however, ∼ 2-3, so that discussions for quasars below would be qualitative in nature.
The metric can be applied to the problem of gravitational waves which are radiated by the collision of two black holes and the scattering problem of particle physics at energies of Planck scale. These problems have also been calculated by using the A-S metric [2, 3] . It will be very interesting when the result calculated by our metric is compared with that by the A-S metric, because our case can be traced even for the region of ρ ∼ M. This is now under investigations, and will be published in the next paper.
Let us return to our main subject. The main point of us compared with others is that black holes are moving. Fig.5 shows the effect of the gravitational lens. The middle object represents a supermassive black hole, and the left side object is the light source (i.e. a quasar for example). The observer at the right will see two or many images, because the light rays are refracted near the black hole. The light source is, in fact, receding with a Lorentz factor γ from us caused by the expansions of the universe.
Let us discuss in the rest frame of the source. In this frame, the black hole moves in the right direction with the Lorentz factor γ. For a Schwarzschild black hole, the light radiated from the source is refracted by the angle ∆φ S (2.13):
when ρ 0 >> M. In the observer's frame, the refraction angle ∆φ S is given from ∆φ S by the Lorentz transformation as ∆φ S ∼ ∆φ S /γ. Then, ∆φ S is given by:
We would like to emphasize that p of (2.13) is replaced by M. The naive value of ∆φ S is ∼ 4M/ρ 0 , so that the effect of γ appears in the order of M 2 /ρ 2 0 . Similarly, when the black hole is of the Kerr type, we can calculate the refraction angle, ∆φ Kz , and ∆φ Kx , of the parallel motion to the rotational axis from (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) , and of the perpendicular motion from (3.21), respectively:
On the other hand, in the near region ρ 0 ∼ a or y 0 ∼ a, p of the vertical axis in Fig.3 is to be replaced by M as discussed above.
V Conclusion and Discussion
We have derived the metrics of a moving Schwarzschild black hole and a moving Kerr black hole by Lorentz transformations. The Schwarzschild metric is calculated in the ordinary coordinates, not in the isotropic coordinates, and the Kerr metric in the Boyer-Lindquist coordinates. For the Kerr black hole, we have calculated the metrics for two cases: the parallel and the perpendicular cases. For both cases, obtained metrics are plane-fronted shock waves and the geometries of them have structures of two portions of the Minkowski types for u < 0 and u > 0, with null shock surfaces at u = 0 with warps. The metrics can be investigated in the region near the black hole at u = 0, because we do not put M → 0 which was required for the A-S metric. Next, we have discussed the shift, ∆v, of a null coordinate v crossing u = 0, and have obtained the refraction angle from our metric.
Our main results are:
(i)The exact formulae for the metrics of Schwarzschild and Kerr black holes moving with the Lorentz factors γ → ∞ are obtained.
(ii)The shift ∆v's of the null coordinates crossing the gravitational shock at u = 0 for a Kerr black hole is derived, both for parallel and perpendicular motions.
(iii)The refraction angle of null geodesics passing by a Kerr black hole is obtained and it is found that it depends on the sign of y.
(iv)The gravitational lens effect by a moving black holes manifests in the second order of M/ρ, compared with static cases.
This is the first step to the physics of moving black holes. Nature waits for our endeavors to look into her mysterious secretes ! In (A10), if the last term were absent, it would give the straight geodesic, ρ cos φ = ρ 0 . Since we are interested in the behavior of the geodesic crossing the shock u = 0, we neglect the second term of (A10). The solution is now given by:ρ
From (A11), the refraction angle ∆φ is given:
where q = √ u 2 +ρ 2 −ρ u ,
.
where q, B, and C are same as (B2), 
